In this note the q-numerical range W q (A) of a matrix A is introduced and the algorithm to compute the boundary of W q (A) is provided. Especially the equation of the boundary of W q (A) is provided for a 4 × 4 nilpotent matrix A and some real number 0 < q < 1.
Introduction
Let A be an n × n complex matrix and 0 ≤ q ≤ 1. The q-numerical range of A is defined and denoted by W q (A) = {η * Aξ : ξ, η ∈ C n , ξ * ξ = η * η = 1, η * ξ = q}.
(1.1)
This set satisfies W q (A ⊗ I m ) = W q (A) and this property is useful to analyze the q-maximal fidelity of quantum operations. If q = 1, the range W q (A) is reduced to the classical numerical range W (A) = {ξ * Aξ : ξ ∈ C n , ξ * ξ = 1}.
In 1919, Hausdorff [4] proved the convexity of the range W (A). In 1984, Tsing [8] showed the following formula W q (A) = {qξ * Aξ+ 1 − q 2 w ξ * A * Aξ − ξ * Aξ : w ∈ C, |w| ≤ 1 ξ ∈ C n , ξ * ξ = 1}.
We can prove that the function
is concave on W (A). By using these properties, Tsing proved the convexity of W q (A). It follows from the Tarski-Seidenberg theorem that the boundary ∂W q (A) of the q-numerical range lies on an algebraic curve. C. K. Li [6] provides a Matlab program to plot W q (A) numerically (cf. [7] ). A performable algorithm to generate the polynomial g(x, y) for which
is given in [1] , [5] (cf. [3] ). We introduce a compact convex set Γ(A) by
Then Tsing's formula is rewritten as
This formula provides a principle to compute the equation g(x, y) = 0 of the boundary W q (A). The q-numerical range of some typical 3 × 3 matrices are given in [2] . It is rather hard to compute the polynomial g(x, y) for a generic unitarily irreducible 4 × 4 matrix A by using a standard personal computer. As a first step to treat a generic 4 × 4 matrix, we treat the following 4 × 4 nilpotent matrix
We easily find that the above matrix N and the following 3×3 nilpotent matrix N 1 have many similar properties:
as objects for the matrix analysis. In the paper [1] , the equation of the boundary of W q (N 1 ) is given.
The Davis-Wielandt shell
The standard method to generate the function φ = φ A on the numerical range W (A) for an n × n matrix is given by the formula
We shall generate a real polynomial L 0 (X, Y, Z) for which L 0 (X, Y, Z) = 0 for a generic point (X + iY, Z) of the boundary of W (A, A * A). As it is mentioned in [1] , the algebraic surface L 0 (X, Y, Z) = 0 is characterized as the dual surface of the algebraic surface G A (x, y, z, 1) = 0 defined by
where (A) = (A + A * )/2, (A) = (A − A * )/(2i). By using Sylvester's resultant, we can compute the polynomials G N and L 0 N for the nilpotent N defined by (1.2).
Theorem 2.1 Suppose that N is the 4 × 4 nilpotent matrix given by (1.2). Then the polynomials G N and L 0,N are given by the following:
The above degree 6 polynomial L 0 N has 48 terms.
3 The boundary of the q-numerical range 
We consider the orthogonal projection Π q of R 4 onto the plane C ∼ = R 2 . The algorithm to compute the equation of the boundary of W q (A) is given by the following. We substitute
into the polynomial
The polynomial g(x, y) vanishing on the boundary of W q (A) is obtained by the successive eliminations of u 1 , u 2 from the equations
Firstly we take a simple factor m(x, y, u 2 ) of the resultant of M and M u 1 with respect to u 1 . Then the polynomial g(x, y) appears as a simple factor of the resultant of m and m u 2 with respect to u 2 . This process essentially coincides with that in [1] . We provide the equation of the boundary of W q (N ) for q = 1599/1601, 1 − q 2 = 80/1601. We choose this value of q by using a Pythagorean triple (1599, 80, 1601) for which 80/1601 is rather close to 0.
Theorem 3.1 Suppose that N is the 4 × 4 nilpotent matrix given by (1.2) and q = 1599/1601.Then every point x+iy of the boundary of W q (N ) ( (x, y) ∈ R 2 ) satisfies the equation g(x, y) = 0 for the following degree 20 polynomial with 121 terms in the expanded form:
By using the above polynomial g(x, y), we shall determine some characteristic invariants of W q (N ) for q = 1599/1601. We determine the least rectangle R containing W 1599/1601 (N ) with edges parallel to the real and imaginary axes. Since N is a real matrix, the range W q (N ) is symmetric with respect to the real axis. So the values max{ (z) : z ∈ W q (A)}, min{ (z) : z ∈ W q (A)} are attained at the points on the line (z) = 0. We have
The repeated quartic factor of g(x, 0) is positive definite on the real line. The maximum of (z) for z ∈ W 1599/1601 (N ) is attained by the maximal real root of the factor 1077774652541338214464 x 6 + . . .. The maximum is approximately 1.55530380705. The minimum of (z) for z ∈ W 1599/1601 (N ) is attained Figure1: ∂W q (N ) and its related envelope curve
